Position dependent energy level shifts of an accelerated atom in 

the presence of a boundary 

Zhiying Zhu 1,2 and Hongwei Yu 1 ' 3 * 
1 Department of Physics and Key Laboratory of Low Dimensional 
Quantum Structures and Quantum Control of Ministry of Education, 
Hunan Normal University, Changsha, Hunan 4 10081, China 
2 Department of Physics and Electronic Science, 
Changsha University of Science and Technology, Changsha, Hunan 410076, China 
3 Center for Non-linear Science and Department of Physics, 
Ningbo University, Ningbo, Zhejiang, 315211 China 

Abstract 

We consider a uniformly accelerated atom interacting with a vacuum electromagnetic field in 
the presence of an infinite conducting plane boundary and calculate separately the contributions 
of vacuum fluctuations and radiation reaction to the atomic energy level shift. We analyze in 
detail the behavior of the total energy shift in three different regimes of the distance in both the 
low acceleration and high acceleration limits. Our results show that, in general, an accelerated 
atom does not behave as if immersed in a thermal bath at the Unruh temperature in terms of 
the atomic energy level shifts, and the effect of the acceleration on the atomic energy level shifts 
may in principle become appreciable in certain circumstances, although it may not be realistic for 
actual experimental measurements. We also examine the effects of the acceleration on the level 
shifts when the acceleration is of the order of the transition frequency of the atom and we find some 
features differ from what was obtained in the existing literature. 
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I. INTRODUCTION 



An important prediction of quantum field theory is the existence of quantum fluctuations 
of electromagnetic fields even in vacuum. These quantum fluctuations lead to a number 
of observable effects such as the Lamb shift, and the Casimir and Casimir-Polder forces 
(see, Ref. l| for an extensive review). All these effects have been observed experimentally. 
The Casimir-Polder force was originally studied between a neutral electric polarizable atom 
at rest and a conducting plane in vacuum by Casimir and Polder 2J], and later a variety 
of situations have been considered, for example, the case of an atom near the surface of 
a dielectric slab [3i] or a nanostructure (4], and the case of the atom-surface system in or 
out of thermal equilibrium Js t!. In addition, the case of atoms on accelerated trajectories 
has also been investigated |8l4l2|. Our interest in the Casimir-Polder force associated with 
accelerated atoms is two- fold. First, such studies may shed some light on our understanding 
of the Unruh effect [l^j], on which controversy still exists JjJ, and, second, the CP force of 
an accelerated atom, which arises as a result of the change of atomic energy level shifts, may 
provide a new possibility to detect the Unruh effect. 

In this regard, let us note that the Casimir-Polder interaction energy between an acceler- 
ated atom in interaction with the vacuum electromagnetic fields and an infinite conducting 
plane boundary, which is equal to the energy shift of the atom caused by the presence of 
the boundary, has recently been studied, and it is found that the effect of acceleration is not 
purely thermal 12J. In that work, a generalization of the formalism suggested by Dalibard, 



Dupont-Roc and Cohen- Tannoudji 
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21|(DDC), which allows a separate calculation of 



contributions of vacuum fluctuation and radiation reaction to the energy level shift is em- 
ployed, and the result is however expressed as an integral of a very complicated function 
which makes it hard both for analytical examination of the behavior of the level shifts in 
different distance regimes and for numerical analysis. In the present paper, we plan to revisit 
the problem. We have been able to obtain a result of the energy level shift of the accelerated 
atom, which is almost in a closed form except for a part which is a integral of a much simpler 
function. This enables us to make a thorough comparison, in different distance regimes, with 
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the result of the case of a static atom in a thermal bath found by us using the same for- 
malism j^J to see whether the accelerated atom behaves as if immersed in a thermal bath in 
terms of atomic energy level shifts 1 . More importantly, the numerical analysis of our result 
at an acceleration of the transition frequency of the atom yields conclusions that differ from 
those obtained in Ref. [121 ] . For example, we find, contrary to the conclusion in Ref. [121 ]. 
that the energy level shift of an atom with an acceleration of the typical transition frequency 
in the vicinity of an infinite conducting plane is smaller than that of a static one when the 
distance is at the order of 10 _6 m, among others. 

The paper is organized as follows, in Sec. II, using the DDC formalism, we separately 
calculate both the contributions of vacuum fluctuations and radiation reaction to the position 
dependent energy shifts of an atom on a uniformly accelerated trajectory, which gives rise 
to the Casimir-Polder force on the accelerated atom. In Sec. Ill, we analyze in detail the 
behavior of the energy shift of a ground-state atom in three different regimes of the distance 
in both the low acceleration and high acceleration limits. In addition, with the method of 
numerical analysis, we also discuss the behavior of the energy shift for an atom with a typical 
acceleration necessary to observe the Unruh effect. Comparing our results with those of a 
static atom immersed in a thermal bath, we can see explicitly the difference between the 
energy shift of an accelerated atom and that of a thermal one. Finally, we will conclude in 
Sec. IV with a summary of results obtained. 



II. VACUUM FLUCTUATIONS AND RADIATION REACTION CONTRIBU- 
TIONS TO THE ENERGY SHIFTS OF AN ACCELERATED ATOM IN THE PRES- 
ENCE OF A BOUNDARY 

We consider a uniformly accelerated two-level atom in interaction with the vacuum elec- 
tromagnetic fields in a flat spacetime with an infinite conducting plane boundary. Let us note 
that for a fully realistic treatment, one may need to consider a multilevel atom. Using the 



1 Let us note that it has been demonstrated that the accelerated atom near a boundary behaves differently 
from the inertial one immersed in a thermal bath in terms of the spontaneous excitation rate 15- 1^. 
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DDC formalism and following the procedures that have been shown in Refs. 0, [lo[ |12|, |2l|, 
we will calculate separately the contributions of vacuum fluctuations and radiation reaction 
to the energy shifts of a two-level atom. To be self-contained, we will first review the gen- 
eral formalism. Employing the Hamiltonian of the atom-field system that has been given 
in Ref j^], one can write down the Heisenberg equations of motion for the dynamical vari- 
ables of the atom and field. The solutions of the equations of motion can be split into the 
two parts: a free part, which is present even in the absence of the coupling, and which we 
will denote with the superscript /, and a source part, which is caused by the interaction 
of the atom and field, and which we will denote with the superscript s. We assume that 
the initial state of the field is the Minkowski vacuum |0), while the atom is in the state \b). 
To identify the contributions of vacuum fluctuations and radiation reaction to the radiative 
energy shifts of our accelerated atoms, we choose a symmetric ordering between the atom 
and the electric field variables and consider the effects of E* (corresponding to the effect of 
vacuum fluctuations) and E s (corresponding to the effect of radiation reaction) separately 
in the Heisenberg equations of an arbitrary atomic observable. Then taking the average in 
the vacuum state of the electromagnetic field, one can obtain the effective Hamiltonians 

H e J/(r) = -5 jTd/CS(x(r) )a :(/))|^(T) )A i/(TO] , (1) 



H e J f (r) = - t - I dr'x5(x(T),x(r'))W(r),^(r')}, (2) 
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■no 



where /z, (fij) is a component of the atomic electric dipole moment, r is the proper time, 
and x(t) is the stationary trajectory of the atom. Here we take a perturbation treatment 
up to order /x 2 , and use [ , ] and { , } to denote the commutator and anticommutator. The 
subscript u vf n and "rr" stand respectively for the contributions of vacuum fluctuations and 
radiation reaction. The statistical functions Cf A and \f, are defined as 

C*{x{t),x{/)) = l(0\{E{(x(T)),Ej(x(T f ))}\0) , (3) 
xZ«r)Mr')) = l(0\[E!(x(r)),Ej(x(r'))]\0) , (4) 
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which are also called the symmetric correlation function and the linear susceptibility of the 
field. Taking the expectation value of Eqs. ([1]) and ([2]) in the atom's initial state |6), we can 
obtain the vacuum fluctuations and radiation reaction contributions to the radiative energy 
shifts of the atom's level |6), 

(5E b ) vf = -i [ dJC*{x{T),xW)b$Wrf , (5) 

(5E b ) rr = -l [ dT%{x{T),x{T')){C*) h {T,T>) , (6) 

where (C^)& and (xtj)b, the symmetric correlation function and the linear susceptibility of 
the atom, are defined as 

(C^ b (r 1 r')= 1 -(b\{^{(r),^(r')}\b}, (7) 



(xiUr,r')= 1 -(b\[^(r),^(r')]\b) 



which are just characterized by the atom itself. For the explicit forms, the statistical functions 
of the atom can be written as 

(C*) b (r,T f ) = ^[(61^(0)1^(^1^(0)16)6— + (61^(0) | d> <d|A**(0) [6>e-**- , 

d 

(9) 

(X^) b (r,r') = ^[(61^(0)^)^1^(0)16)6— - <&|^(0)|d><d| W (0)|&> C -^ ^] , 



2 

d 



(10) 



where ojm = uj b — uj d and the sum extends over a complete set of atomic states. 

In order to calculate the statistical functions of the electric field, Eqs. fl^D and (fU), we will 
firstly consider the two point function of the four potential, A^[x\ which can be obtained by 
the method of images. At a distance z from the boundary, we find in the laboratory frame, 

LTM = (0mx)A"(x')\0) = D%Jx-x') + D% d (x,x') , (11) 



where 



D^" (rn rn'\ — '1 (10) 

freeK ' A7c 2 [{t - t' - ie) 2 - {x-x') 2 - {y-y') 2 - {z - z') 2 ] ' 1 1 



U bnd\ X ' X ) — A-lM-l J-l „-_\9 /_ /„. ../\9 /.. , _/\9.1 ' 



is the two point function in the free space and 

if v + 2n M n l 

4vr 2 [(t - V - is) 2 -(x- x') 2 - (y - y') 2 - (z + z') 2 ] 
represents the correction induced by the presence of the conducting boundary. Here e — > +0, 
^"=diag(l, — 1, — 1, — 1), the unit normal vector n M = (0,0,0,1), and the subscript u bnd" 
stands for the part induced by the presence of the boundary. From Eq. ( II ip . we can get the 
electric field two point function in the laboratory frame, 

(0|f; i (x(r)) J Ey(x(7 y ))|0) = (0|E l (a;(r))^(x(r / ))|0) /r , ee + (0|^(x(r))^(x(r'))|0) ted , (14) 

where 

(0|^(*(T))£,(x(r'))|0> /ree = 

1 

X (x - x') 2 + (y- y') 2 + (z- z') 2 - (t - V - is) 2 ' ^ 15) 

and 

(0| J B i (x(r))^(a;(r , ))|0} 6nd = -^L[(5 V - 2n t n 3 ) do^ - d^} 

x (IQ) 

(x - x') 2 + {y- y') 2 + {z + z') 2 - (t - f - ie) 2 ' v ; 
Here d' denotes the differentiation with respect to x'. Then the statistical functions of the 
electric field can be found from Eq. (fT4l) as a sum of the free space part and the boundary- 
dependent part. 

In the present paper, we are interested in the energy shifts of atomic levels caused by 
the presence of the plane boundary. These energy level shifts are position dependent and 
give rise to the Casimir-Polder force acting on the atom. So, subtracting the free space part 
in Eqs. §5§ and we can obtain the contributions of vacuum fluctuations and radiation 
reaction to the boundary- dependent energy shifts of atomic levels, 

(5E b )% d = -« f dr / (C5) 6nd (x(r),x(r'))(x3)6(ry) , (17) 
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(SE b )% d = -i / dT\ X Q bnd (x(r),x(r'))(C^ b (T,T') . (18) 

J TO 

Therefore the total energy shifts caused by the presence of a conducting plane boundary is 

(SE b )% t d = (5E b )% d + (SE b )% d . (19) 

We assume that the conducting plane boundary is located at z = in space, and the 
two-level atom is being uniformly accelerated in the x-direction with a proper acceleration a 
at a distance z from the boundary. The atom's trajectory can be described with the proper 
time r by 

1 1 
t(r) = - sinh ar , x(t) = - cosh ar , y(r) = yo , z(t) = z . (20) 
a a 

With this trajectory, we can calculate the boundary- dependent two point function of the 
electric field in the proper reference frame of the atom with a Lorentz transformation in 
Eq. (USD, 

a 4 1 



(0|S i (x(r))S i (a;(r / ))|0)6 nd 



167T 2 [sinh 2 %{u — ie) — a?z 2 ' 



x 



2 au 



[5{j — luiUj + 2az(riikj + kiUj) ] sinh 2 
+a 2 z 2 [ 5 i:j cosh 2 y + (8 i:j - 2kikj) sinh 2 y ] J , (21) 



where u = r — r', the unit vector k^ = (0,1,0,0), and it points along the direction of 
acceleration. Therefore, from Eqs. fl3]) and @, the boundary-dependent statistical functions 
of the electric field can be expressed as 

ci 4 ( 1 1 

{C^) bnd (x(T),x(T')) = -——;( — + 



" " " " 327r 2 V[sinh 2 f(M-z£)-a 2 2 2 ] 3 ' [sinh 2 § (u + ie) - a 2 z 2 

[Sij — 2niHj + 2az(riikj + k^rij) ] sinh 2 



2 au 



+ a 2 z 2 [ cosh 2 y + (S^ - 2kikj) sinh 2 y ] J , (22) 
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and 



(xfj)fmd{x(r),x{T')) 



32tt 2 V[sinh 2 f(u-Z£) - a 2 z 2 ] 3 [sinh 2 § (u + is) - a 2 z 2 ] 3 
| [5ij — 2niUj + 2az{riikj + /^n^) ] sinh 2 — 

+ a 2 z 2 [ 5^ cosh 2 — + (5ij — 2kikj) sinh 2 — ] > . 



) 



X 



(23) 



Here one can see that for these statistical functions of the electric field, the diagonal compo- 
nents (the xx, yy and zz components), and the off-diagonal xz component are nonzero. With 
the statistical functions given above, we will use the residue theorem to calculate separately 
the contributions of vacuum fluctuations and radiation reaction to boundary- dependent en- 
ergy shifts. To be generic, we assume that the accelerated atom is arbitrarily polarized. 
Thus we need to consider all the nonzero statistical functions in our calculations. 

Now we take the xx component for an example to show how the calculations are to be 
carried out. Substituting the statistical functions (J5J), ffTUl) . ff22l and ff23l into the general 
formulas ( !T7l) and ( fl~8l) and letting i = j = x, we can obtain 



where we have extended the range of integration to infinity for sufficiently long times r — To. 
For convenience, we take the atom to be in its ground state. In order to evaluate the integral 
in Eqs. (f24|) and (125]) . we use the residue theorem and consider the contour integral along 
path C\ and C2 in Fig. [TJ With a definition of the atomic static scalar polarizability 




(24) 



and 




(25) 




(26) 
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(a) (b) 
FIG. 1: Integration path of Eqs. (JM} and (|25|) . 



the contribution of vacuum fluctuations to the posit ion- dependent energy shift of the ground 
state is calculated to be, 



bnd 
f,xx 



3u a a 



1287T 

and that of radiation reaction 



1 + 



f xx (u , z, a) - g xx (uj 0} z, a) 



(6E- 



\bnd 

>rr ' xx ~ 1287 



fxx(^o, z, a) 



where we have defined 

fxxi^o, z, a) = 



4z 2 co 2 (l + a 2 z 2 ) - 4a 4 z 4 - 2a 2 z 2 - 1 f2u sinlr 1 ^) 

COS 



z 3 (l + a 2 z 2 ) 5 / 2 



2u (l +Aa 2 z 
' z 2 (l + a 2 z 2 ) 2 



sin 



2ujq sinh (az) 



and 



g xx (u ,z,a) 



4a 



4 roo 



71 



sin 2 ^ - a 2 z 2 

du t\ — ( 

(sin 2 f + a 2 z 2 f 



-LdQU 



(27) 



(2? 



(29) 



(30) 



Other nonzero components can be computed similarly. In summary, for the case of an 
accelerated groud-state atom in the vicinity of an infinite conducting plane, the contribution 
of vacuum fluctuations to the position-dependent energy shift is given by 



3a;oy / aiOj 
128vr 



1 + 



j^—[)fij(^o,z,a) - g i:j (uj ,z,a) 



(31) 
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while the contribution of radiation reaction is 

(5E„)<? r d = °l 1 V ^,^. (32) 

12o7T 

Here summation over repeated indices, i, j, is implied. The nonzero functions f xx (uo, z,a) 
and g xx (ujo, z, a) are given by Eqs. ( 1291) and (1301) . and the others are 

4z 2 wg(l + a 2 z 2 ) - 1 /2a; sinh _1 (a2: 

Jyy{Uo,Z,a) — 9 9\l/9 COS ( 

2w (l + 2oV) . / 2co sinh" 1 (az)\ 
~ ^(1 + aV) Sm I a J ' (33) 

„ . , 2 + a 2 z 2 [5 - ±z 2 u 2 (l + a¥)l f 2u sinh _1 (az) 

= ,3 (1 + a2 , 2)5/2 cos ^ 

2w (2 + a 2 z 2 + 2aV) /2a; sinn -1 ^) \ 
3^5 sm " > ( 34 ) 



z 2 (l + a 2 z 2 



a[l + 4aV + 4^ 2 w 2 (l + a 2 z 2 )} f 2u sinh 1 (az) 
z z {l + a^z^yi 1 \ a 
2au (l — 2a 2 z 2 ) f 2oj smh~ l (az)\ 
+ z(l + a 2 z 2 ) 2 Sin I a J ' (35) 



. 4a 4 f°° , sin 2 f - aV cos(aw) _ w ?; 
ft*K *, «) = V X du (sin 2 f + a 2 . 2 )3 6 " ' (36) 



4a 4 /"°° , sin 2 + a 2 z 2 cos (ait) 



= — /a (sin 2 f + a 2 , 2 )3 ^ < 37 > 



g xz (u ,z,a) = — j du 2 e~^. (38) 



8a 5 z r 00 , sin 2 ^ 
7T 7 (sin 2 f + a z z 2 

One can see clearly that both vacuum fluctuations and radiation reaction depend on the 
atom's acceleration. This differs from the thermal corrections to the energy shifts of a static 
atom p], where radiation reaction is independent of the temperature. A remarkable feature 
worth noting is that the position-dependent energy shift for an atom polarized in the x — z 
plane gets an extra contribution associated with the functions f xz and g xz as compared with 
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that of the static case |5|, |22|. This is in qualitative agreement with the result in Ref. [121 ]. 
and it opens up the possibility of observing the effect of acceleration of the atomic energy 
level shifts using atoms with anisotropic polarization as pointed out in Ref. [l^ . Adding up 
the contributions of vacuum fluctuations and the radiation reaction, we can obtain the total 
position-dependent energy shift of the ground state 



\ dtj -)tot = 



1287T 



(39) 



If the atom's acceleration equals to zero, we can recover the results in Ref [22|, which give 
the energy level shifts of a static atom near a conducting plane in vacuum. Now one can see 
that our expression for the posit ion- dependent energy shift is in a simpler and almost closed 



form as compared to that given in Ref. [12J where the energy shift is written as integral of a 
very complicated function (refer to Eqs.(29) and (30) of Ref. [12] ). So, our result seems to 
be easier to handle in terms of both analytical and numerical analysis. In what follows, we 
examine the behaviors of the energy shift in various circumstances and compare our results 
with those in the case of a static atom in a thermal bath at the the Unruh temperature 
related to the acceleration Q]. 

III. DISCUSSION 

Now we examine the behaviors of the position-dependent energy shift in the limits of low 
acceleration (when the atom's acceleration is much smaller than the transition frequency 
of the atom, a <C ojq) and high acceleration (when the atom's acceleration is much larger 
than the transition frequency of the atom, a 3> uq), analogously with the low- and high- 



temperature limits T <^uq and T ^> u)q, in Ref. [5|. With the method of numerical analysis, 
we also analyze the case when a ~ uq. 

A. Low-acceleration limit 



In the low- acceleration limit a < uo, we can identify the distance between the atom and 
the boundary into three different regimes: the short distance, where the distance z is so small 
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that az <C oj q z <C 1; the intermediate distance, where az <C 1 <C loqz; and the long distance, 
where the distance z is so large that ojqz ^> az 1. For these three distinct regimes, we 
will discuss the behavior of the position-dependent energy shift of a ground state atom. 

Let us first consider the short distance regime, where az <C uqZ < 1. In this case, the 
contributions of vacuum fluctuations and radiation reaction to the energy shift of a ground 
state can be expressed as 



1 

47T 



3u: 2 a z 3auj 2 ^a x a z u 2 (a 2 + wg) 

- — 5- H ln(2w 2;)(a a; + a y - a z 



(40) 



and 

3uja(a x + a y + 2a z ) 3a 2 uo 



(5E„)% d » -i- 



32^ 3 64^ 



a x + 3a„ + 32woZ 2 a z H Ja^a, 

az 



(41) 



Here the contribution of radiation reaction is much larger than that of vacuum fluctuations 
and plays the dominant role in the total energy shift. Note that the acceleration induced 
correction term associated with the atomic polarization in the z direction in Eq. (14T]) is 
much smaller than that in Eq. (I40p . So the total energy shift containing the acceleration 
corrections can be written approximately as 



3u (a x + a y + 2a z ) 
32z 3 

3a 2 uj ( QA.ujqz \o.(2ujqz) 



a x + 3a y H a z H y/a x a, 



(42) 



64^ V 3 az 

The first (leading) term on the righthand side of Eq. ( j4"2l is just the energy shift of a static 



atom interacting with a vacuum electromagnetic field near an infinite conducting plane 22]. 
The total energy shift is always negative, and both the leading term and the acceleration 
correction terms depend on the direction of the atom's polarization. For an isotropically 
polarized atom, the off-diagonal xz component contributes the biggest acceleration correction 
term and the position-dependent energy shift can be written as 

{6E - ] ™ "-^U^ - wJ' (43) 
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where the first (leading) term is just the result of an inertial atom in the vacuum, and the 
acceleration correction term is proportional to the atom's acceleration. These two terms are 
opposite in sign. With the Unruh temperature T v = a/(2n), Eq. ( I4"3"j) becomes 



{SE. 



\bnd 
I tot 



J_ / u a _ TTu a 
'An V 8z 3 lQz 2 



Tr, 



(44) 



which grows linearly with the Unruh temperature. Let us recall the position-dependent 
energy shift of a static atom at low temperature and in the short distance regime 5[, where 
the thermal correction is dominated by the term proportional to T 4 . Therefore, in this case 
the acceleration effect is not equal to the thermal effect, although the total energy shifts 
agree in the leading order. 

Then in the intermediate distance regime, where az <C 1 <C uqz, we find, approximately, 
the contributions of vacuum fluctuations and radiation reaction, 

1 



(6E. 



\bnd 
'vf 



1 

47T 



8z 



a x + a 



y 



2z 2 u 2 



ft; 



3uf.a 2 z 

' 3a x + a 



16 



2a, 



2y/a x a z 



az 



cos(2oj z) 



3u 2 (a x + OL y + 2a 



8nz 4 



16z 2 

(a x + a y + a z ) + 



+ 



3u 2 a 2 

16 
3a 2 
Inulz* 



2a x - 
uj 2 z 2 



a. 



3a ? 



y/a x a z 



az 



y/a x a z 
az 



sin(2u;oz) 
(45) 



and 



bnd 



1 

Air 



2z 2 uj 2 



ot, 



3u\a 2 z 
16 - 



3a x + a v — 2a z 



2y/a x oc z 



az 



cos(2o;o^) 



3u 2 (a x + a y + 2a z 
16z 2 



+ 



3a; 2 a 2 
16 



2a x + ot v — 3a z — 



y/at x a z 



az 



sin(2a;oz) 



(46) 



where both have terms which are oscillating functions of z. However, when we add up these 
two contributions, the oscillating components cancel out, and we find 

3a 2 



(SE_) 



bnd 
tot 



1 

47T 



ilTZ 



j[a x + a y + a z ) + 



]nu 2 z 4 



2a x 
u$z 2 



OLi, 



a, 



y/a x a z 



az 



(47) 
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Here the first term plays the dominant role in the position-dependent energy shift, and it is 
agreement with that of a static atom placed far from the boundary in the vacuum 22| . For an 
isotropically polarized atom, the acceleration correction comes mainly from the off-diagonal 
xz component under the condition az <C 1 <C UqZ, and the position-dependent energy shift 
becomes 



W-) tot ~ An y 8nzi 8nu 2 z5 J- ^ysnz^ Au 2 z 5 U J 



(4f 



Here the position-dependent energy shift is still negative, and grows linearly with the Unruh 
temperature, while in the case of a static atom immersed in a thermal bath, the temperature 
correction is proportional to T 4 in the intermediate distance regime for the low temperature 
limit [5]. 

Finally, it is time to examine the case of the atom in the long distance regime (uqz 3> 
az ^> 1). In order to compare the accelerated case with the thermal case in this regime, let 
us first recall the energy shift of an isotropically polarized atom in a thermal bath in the 
long distance regime in the low temperature limit [5] , 



(5EJ)%* — (49) 
v Hot 4tt 4z 3 



If an accelerated atom were to behave the same as a static one immersed in a thermal 
bath at the Unruh temperature Tu = a/(27r), we would expect that the energy shift of the 
accelerated atom should be proportional to the atom's acceleration. But, in fact, the energy 
shift ( 1391) can also be approximated, in the long-distance regime for the low-acceleration 
limit, by Eq. ( 148|) . where the acceleration just induces a very small correction, and this 
correction term, although linear in the Unruh temperature, is not the leading term as in 
the thermal case. This shows that the behavior of an accelerated atom in the long distance 
regime is completely different from that of the static one immersed in a thermal bath at the 
Unruh temperature. 
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B. High-acceleration limit 



Now let us turn our attention to the high- acceleration limit, where we assume that the 
atom's acceleration is much larger than the transition frequency of the atom, a ^> ojq. In 
this limit the contribution of vacuum fluctuations to the energy shift of the ground state, 
Eq. (l3Tj) . can be written approximately as 



{6E-)i? = —Muo, z, a) - 9ij (u , z,a)) . (50) 



As in the low-acceleration limit, we will analyze the behavior of the energy-level shift in three 
different regimes. Let us first deal with the case when the atom is so close to the boundary 
that ojqZ <C az <C 1 (the short distance regime). It then follows that 

(6E-)%f » — — — ^(a x + a y + 2a z - az^/a x a z ) , (51) 

and 



3cu (a x + a y + 2a z ) 3uj ay/a x a z 3uoa 2 (a x + 3a y ) A5u)Qa 4 za z 



32z 3 32z 2 Uz 128 



(52) 



Note that the contribution of vacuum fluctuations comes mainly from the acceleration cor- 
rection terms, while the acceleration just gives very small corrections to that of the radiation 
reaction. Under the high acceleration condition (a ^> uq), the contribution of vacuum fluc- 
tuations is much larger than that of radiation reaction and plays the dominant role in the 
boundary- dependent energy shift. For an isotropically polarized atom , the total energy shift 
becomes 

{6E - ] ™ ^^{8^-32^)=^ [a^ Tu ' 8^ Tu ) ' (53) 
where the first (leading) term is linear in the acceleration of the atom and is the same 
as the corresponding result of an inertial atom immersed in a thermal bath at the Unruh 
temperature 5j . But the subleading term that comes from the xz component is absent in the 
thermal case. So, in terms of the energy level shifts, the accelerated behaves as if immersed 
in a thermal bath at the Unruh temperature in the leading order. This differs from the 
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corresponding result in the scalar field case in the high acceleration limit, where the energy 
shift is independent of the acceleration and differs completely from a static atom immersed 
in a thermal bath at the Unruh temperature 23]. 

If we increase, in the high acceleration limit (a ^> oj ), the distance z between the atom 
and the conducting boundary, such that az ^> 1, the contributions of vacuum fluctuations 
and radiation reaction can be approximated as 
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(55) 



where the approximation of sinh _1 (az) ~ ln(2az) for az 3> 1 is used. Here both the con- 
tributions of vacuum fluctuations and radiation reaction contain terms that are oscillating 
functions of the atom's acceleration and the distance z, and the amplitudes of the oscillating 
functions in Eq. (j55p are much smaller than those in Eq. (I54p . Therefore, the energy- 
level shift of the ground-state atom exhibits an oscillatory behavior, which is typical of the 
energy-level shift of an excited state. This can be understood as a result of the fact that 
the ground-state atoms have a nonvanshing possibility to absorb thermal photons to transit 
to the excited states in the high-temperature limit, and it actually brings in an interesting 
issue of the thermal average of energy-level shifts of an atom in thermal equilibrium. Let us 
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note that this issue, which we leave for future research, can be addressed using our results 



18] in a similar way 



in the present paper and the spontaneous excitation rate found in Ref. 
as what has been done in the case of a static atom in a thermal bath jfj]. 

If we further assume that ^-\n(2az) <C 1, which is easily satisfied in the limits a ^ ujq 
and az ^> 1, since the logarithm is a very slowly varying function, the above results can be 
simplified to 

i ( o r ,2 r 
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(57) 



If the atom is polarized only in the x-direction, the contribution of radiation reaction is 
much larger than that of vacuum fluctuations. However, if the atom's polarization is along 
the y or z direction, the ratio of vacuum fluctuations part to radiation reaction part is 
determined by the magnitude of the quantity ujqZ. If ujqz <C 1 (the intermediate distance 
regime), this ratio is indeterminate with an indeterminate quantity UQa 3 z 4 . Let us note that 
this disparity between the x and y components does not exist in the thermal case, and this 
is not surprising since the atom is accelerating in the x direction anyway. If the atom is so 
far from the boundary that ujqz 3> 1 (the long distance regime), the contributions of vacuum 
fluctuations associated with the atomic polarization in the y and z directions are much larger 
than that of radiation reaction, and the total energy shift can be written as 



(5f 



which is negative if the atom is polarized in the direction along the atom's acceleration (x 
direction) and positive if the atom is polarized in the y or z direction. Written in terms of 
the Unruh temperature, the total energy shift becomes 



(59) 



17 



which differs from the corresponding result of a static atom immersed in a thermal bath at 
the Unruh temperature j^]. 

C. The case of a ~ ujq 

Having discussed both the cases of low- (a <C ujq) and high-acceleration (a 3> Co»o) limits, we 
now consider the case when a ~ uq, since this is probably the typical acceleration necessary 
to observe the Unruh effect. Although we will mostly resort to numerical method for analysis, 



using our result which is simpler than that of Ref. 12j, we are able to obtain approximate 
analytical expressions in some special cases. 

Let us first examine what happens when the atom is very close to the boundary (zuo <C 1). 
Now one can show that 



1 a 

— (a x + OL y + 2a z ) ^y/a x a z 



(60) 



1287T 

where the leading term is coincident with the energy shift of a static atom interacting with 
a vacuum electromagnetic field near an infinite conducting plane [22] . Here, the acceleration 
correction term comes from the contribution of radiation reaction which is modified by the 
presence of the acceleration in sharp contrast to the case of a static atom in a thermal bath 
and it is also a result of the off-diagonal xz component of / functions which is absent in the 
thermal case. It is this off-diagonal term which is unique to the case of an accelerated atom 
that makes the energy shift smaller than that of a static one. 
If the atom is far from the boundary (zuq ^> 1), then one finds 
3u 
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which is an oscillating function of z. The oscillatory behavior here, which is reminiscent of 
the energyOlevel shift of a static excited state, can again be attributed to the nonvanishing 
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spontaneous excitation rate of a ground state when a > ojq. It is to be noted that if the atom 
is polarized in the y and z directions, the amplitude is proportional to 1/z 2 . Recal ling the 
case of a static atom where the energy shift is proportional to 1/z 4 when zujq ^> 1 [22| . we 
see that the energy shift of an accelerated atom with anisotropic polarizability may be much 
larger than that of the static one when the atom is far from the boundary. This may open up 
a possibility of an indirect detection of the Unruh effect through the measurements related 



to the energy-level shifts of accelerating atoms. It is interesting to note that a similar resu 



t 



has been recently obtained for the energy shift between two accelerating atoms in Ref. 241 ]. 

Taking uq to be the typical transition frequency of a hydrogen atom, i.e., uq ~ 10 15 s _1 . 
we have plotted, in Fig. [2j the energy shift as a function of the distance z on the order 
of microns for a ground-state atom with isotropic polarizability and for different values of 
atomic acceleration. 

A comparison between the different curves in Fig. [2] shows that the effects of acceleration 
on the energy shift become appreciable for accelerations on the order of 10 23 m/s 2 , and with 
the increase of the acceleration the absolute values of the energy shift decrease. This is 



• 3, 



where the effect of acceleration is 



contrary to the conclusion drawn from Fig. 1 in Ref. 
found to make the energy shift larger than that of the atom at rest and the absolute values 
of the energy shift increase with the the increase of the acceleration 2 . 

In Fig. [3l we have plotted, on a larger distance scale, the energy shift for a ground-state 
atom with isotropic polarizability and for different values of atomic acceleration. From the 
figure, one can see that when a ~ 10 22 m/s 2 , which is one order of magnitude less than l)q, 
the effect of acceleration makes the energy shift smaller than that of an atom at rest. But 
the discrepancy between these two energy shifts is very small. This numerical result is in 
agreement with that in the case of low acceleration limit analytically discussed in the previous 
section, where we find that the acceleration correction is small and opposite in sign compared 
with the energy shift of a static atom. After this consistency check, we now move to the 
more interesting case, i.e., when a ~ oj . Then the corresponding acceleration a ~ 10 23 m/s 2 . 



Note the SI units are adopted in all the figures of this paper, as opposed to the CGS units used in Ref. [12j . 
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FIG. 2: Energy shifts as a function of the distance z and for different values of atomic acceleration. 
Here the typical value of the atomic transition frequency, uio = 10 15 s _1 , is used and the energy 
shifts are in the units of ao/(1287reo)- £o is the vacuum dielectric constant. The dashed, dotted and 
solid lines represent the energy shifts for a = 10 23 m/s 2 , a = 10 22 m/s 2 and a = Om/s 2 respectively. 
For the distance z on the range of ~ 1 x 10 -6 m, we can distinguish, by eye, the three lines of 
different acceleration in the figure from each other. But on an extremely small range, one can see 
the discrepancy clearly. 

Now the Figure shows obvious oscillations of the energy shift when distance z > 10 _3 m. For 
z > 10 _3 m, zuq ^> 1 is satisfied and therefore the energy shift can be approximated by the 
analytical expressions in Eq. ( )6T|) . This oscillation gives rise to a clear difference between 
the energy shift of an accelerated atom and that of a static one. So, on a theoretical front, 
the effect of the atomic acceleration on the energy shift now becomes appreciable. However, 
it should be noted that, on an experimental front, a distance of ~ 10~ 3 m appears to be 
unrealistic for experimental techniques, since all actual measurements of the atom-wall force 
involve much shorter distances. 

In order to show the effect of the acceleration more clearly, let us look at the ratio between 
the energy shift of an accelerated atom in front of an infinite conducting plane and that of 
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FIG. 3: Energy shifts as a function of the distance z and for different values of atomic acceleration. 
Here the typical value of the atomic transition frequency, ujq = 10 15 s" 1 is used and the energy 
shifts are in the units of ao/(1287reoWo)- Note that for the distance z on the range of ~ 0.01m, 
we can not distinguish by eye the lines for a = 10 22 m/s 2 and a = Om/s 2 . But on an extremely 
small range, we can see the discrepancy clearly. 

a static one (SE_)^f(a ^ 0)/(SE_)^f(a = 0) for the typical transition frequency of a 
hydrogen atom, uq ~ 10 15 s _1 , and the corresponding acceleration a ~ 10 23 m/s 2 . We plot 
the ratio as a function of the distance z in Fig. HJ where an isotropic polarizability of the 
atom is assumed. The sub-figure shows that when the atom is close to the boundary, i.e., 
when z <C 10~ 6 m, this ratio approaches to 1, and the energy shift of an accelerated atom 
approaches to that of a static one. For example, the ratio is ~ 0.997 when z ~ 10 _8 m. With 
the increase of the distance z, we can see clearly the oscillating behaviors of this ratio and 
the increasing amplitude of the oscillation, although the energy shift of an accelerated atom 
alone has an oscillating decay. It is interesting to note that the absolute value of this ratio 
is much larger than 1 for some values of the distance z, and thus the effect of acceleration 
on the position-dependent energy shift will be significant, whereas there also exist some 
values of the distance z where the ratio equals 1, and, at these distances, the correction of 
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FIG. 4: The ratio between the energy shift of an accelerated atom in front of an infinite conducting 
plane and that of a static one for acceleration a = 10 23 m/s 2 . 

acceleration vanishes. Note that the value of this ratio is smaller than 1 for the distances at 
the order of 10 _6 m. In other words, the acceleration makes the position-dependent energy 



shift smaller. This feature differs from that obtained in Ref. | ll2| . where the energy shift of 
the accelerated atom (a = 10 23 m/s 2 ) is found to be much larger than that of a static one at 
the same distance scale (refer to Fig. 2 in Ref. [l^ and keep in mind that what we actually 
plot here is the reciprocal of what is plotted there). At the same time, our analysis also 
reveals an oscillatory behavior of the ratio on a larger distance scale. 

Finally, we compare our results with those of a static atom immersed in a thermal bath 
in the vicinity of an infinite conducting plane js]. Take the acceleration to be a ~ 10 23 m/s 2 , 
and the corresponding Unruh temperature is T ~ 405 K. We plot the energy shift of both 
an accelerated atom and a static one immersed in a thermal bath at the Unruh temperature 
in Fig. |5l which reveals clearly that the acceleration effect is smaller than the thermal effect. 
So, the accelerated atom does not behave as if immersed in a thermal bath at the Unruh 
temperature in terms of the energy level shifts. Like Ref. 12] , here we also consider the ratio 
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FIG. 5: Energy shifts of both an accelerated atom and a static one immersed in a thermal bath at 
the corresponding Unruh temperature. Here the typical value of the atomic transition frequency, 
LjQ = 10 15 s~ 1 is used and the energy shifts are in the units of ao/(1287T£o)- 

between the energy shift of an accelerated atom in the presence of an infinite conducting 
plane and that of an atom at rest immersed in a thermal bath at the corresponding Unruh 
temperature. In Fig. we have plotted the quantity (5E_)^f(T = ^)/(SE_)^(a) as 
a function of the distance z for an isotropically polarized atom for two different values 
of acceleration, a ~ 10 23 m/s 2 which satisfies a ~ Uq, and, a ~ 10 22 m/s 2 , which obeys 
a < uo. These plots indicate that when the atom is very close to the boundary, the ratio 
(5E-)tof(T = I '(SE_)^f(a) approaches 1 and is independent of the acceleration of the 
atom. This is expected from our analytical analysis, since in the short distance regime, 
(8E_) h t ™t{T) agrees, in the leading order, with (5E_)^f(a) no matter a ~ co , or a < wo 
(refer to Eq. fl6DJ and Eq. (|43D). 

However, essentially, the effect of acceleration on the energy shift differs from that of the 
thermal one. As the distance increases, this ratio grows. The larger the acceleration, the 
more quickly the ratio grows with the distance. This is also in contrast to the conclusion 
drawn from Fig. 4 in Ref . 12| , where it is found that the ratio may decrease and may become 
smaller than 1 with the increase of the distance z. 
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FIG. 6: The ratio between the energy shift of a static atom immersed in a thermal bath at the Unruh 
temperature T = a/(2ir) and that of an accelerated one. Here two different values of acceleration, 
a = 10 23 m/s 2 and a = 10 22 m/s 2 , have been considered. 



IV. CONCLUSIONS 



In conclusion, we have calculated separately the contributions of vacuum fluctuations and 
radiation reaction to the position-dependent energy shift of a uniformly accelerated atom 
interacting with fluctuating vacuum electromagnetic fields in the vicinity of a plane boundary, 
which gives rises to the Casimir- Polder force on the accelerated atom. We have analyzed the 
behaviors of the energy level shifts of the atom in different circumstances. 

In the low-acceleration limit where the acceleration is much smaller than the transition 
frequency of the atom, we found that, in the short and intermediate distance regimes, the 
energy shift of the accelerated atom is equal to that of a static one immersed in a thermal 
bath at the Unruh temperature in the leading term. But in the subleading term the ac- 
celeration corrections differ from the thermal corrections at the Unruh temperature. In the 
long-distance regime, even in the leading term, the behavior of an accelerated atom differs 
completely from that of the static one immersed in a thermal bath at the Unruh temperature. 

In the high-acceleration limit, the acceleration correction is equal, in the leading order, to 
a thermal correction in the short distance regime. However, the off-diagonal xz component 
which is absent in the thermal case makes the behavior of an accelerated atom differ from that 



24 



of a static atom immersed in a thermal bath at the Unruh temperature. In the intermediate 
and long distance regimes, the acceleration corrections completely differ from the thermal 
corrections at the Unruh temperature. 

For an acceleration of the order of the transition frequency of the atom, we find, taking the 
frequency to be that of a hydrogen atom, i.e., coo ~ 10 15 s _1 , that the effect of acceleration 
makes the energy shift smaller than that of an atom at rest when the distance z < 10 _3 m, 
whereas when z > 10~ 3 m, the energy shift oscillates significantly as the distance increases. 
Therefore, there are some distances where the effect of the acceleration on the energy shift 
is appreciable and some other distances z where the correction of acceleration vanishes. It 
should be noted that although the effect of the acceleration on the energy shift may in prin- 
ciple become appreciable, it does not, however, seem to be realistic in actual measurements. 
Finally, compared with a static atom in a thermal bath, we find that the energy shift of the 
accelerated atom close to the boundary is smaller than that of the static one at the cor- 
responding Unruh temperature. It is worth pointing out that all these features differ from 
what is found in Ref. [12} . 
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